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1 Introduction 


We consider the existence of symmetric positive solutions for the following third-order sin- 


gular boundary value problem (BVP) 


z" + f(t,z(t))=0, te (0,1), 
z(0) = z'(0) = z(1) =9, 


(1) 


where f : (0, 1) x [0, +00) — [0, +00) satisfies Caratheodary conditions and f(t, z(t)) may be 
singular at t = 0 and/or t = 1. 

Boundary value problems arise in a variety of different areas of applied mathematics and 
physics (see [1,2], and the references therein). Recently, many authors have studied the existence 
of positive solutions for singular boundary value problems (see [3-5] and the references therein), 
and there are many papers focused on third-order boundary value problems. However, successful 
results about the existence of symmetric positive solutions to the BVP (1) are few. 

Inspired and motivated by the results in [3] and [5], this paper try to establish some optimal 
existence criteria for the existence of triple symmetric solutions to the BVP (1) by applying a 
fixed point theorem. 


2 Preliminaries 
We consider the BVP (1) in a Banach space E = C(O, 1] equipped with the norm 


lel = max le], Z= [0,1 
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for any z € E. Let K be a cone of E, and z be a nonnegative continuous concave function on 
I, and m, n be constants, 0 < m < n. Denote 


Ky = {2€ K |] <r}, K,» = {z€ K | llel <r}, 
K(u, m, n) = {z E€ K |m < u(z), |izi| < n}. 


Lemma 2.1/1 Let A: K — K bea completely continuous operator, u be a nonnegative 
continuous concave function on K, and satisfies u(z) < ||z||, for all z € K,. In addition, assume 
that there exist 0 < d < m < n < r satisfy the following conditions: 

(i) {z € K(u, m, n) | u(z) > m} # ¢, and u(Az) > m for z € K(u, m,n); 

(ii) ||Az|| < d for z € Ka; 

(iii) u(Az) >m for z € K(u, m, r) and ||Az|| > n; 
then A has at least three fixed points 21, z2, z3 on K, satisfies llzl| < d, m < u(z2), and 
llz3|| > d for u(z3) < m. 

Let G(t, s) be the Green’s function of the homogeneous linear problem of the BVP (1), that 
is 


Gt ja łs?(1 — t)? + s(1 — t)(t — 8), 0<s<t<l, 
3H (1—s)?, 0<t<s<l. 


It is easy to prove the following properties of the Green’s function: 
s(1 — s)? 


(1) G(u(s), s) = 22a)” where G((s), s) = es G(t,s) and p(s) = z4, s € [0,1]. 


(II) a(t)G(u(s),s) < G(t,s) < G(u(s),s), (t,s) € [0,1] x [0, 1], where a(t) = #?(1 — t). 


1 
1 
(IIT) nay, i G(t, s)ds = 38 In2 — 2). 


3 
(IV) min Git,s)as = | a(s s)ds 2 


3 Main results 


Theorem 3.1 Suppose the following conditions hold: 

(Hı) f € C((0,1) x [0, +00), [0,+00)), f(t,z) < g(t)h(z), g € C((0,1), [0, +00)), h € 
C ([0, +00), [0, +00)); 

(H2) 


0< I G(u(s), s)g(s)ds < +00; 


(H3) There exist 0 < d < m < $ such that 


1) h(z)< alf G(u(s), s)g(s)ds] Tiera 
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2) f(t,z)> mi fi a(},s)as]” = = OP a: for m < z < 2m; 
a 


13 
1 = 
3) h(z)< [f G(u(s), s)9(s)ds] a for 0 <z <r; 


then the BVP (1) has triple symmetric positive solutions 21, 22, 23 satisfy ||z1|| < d, m < u(z2), 
and ||z3|| > d for u(z3) < m. 
Proof Denote C*[0, 1] = {z € C[0, 1] | z(t) > 0, t € 0, 1]}, and 


K = {z € CĦ[0,1] |z is concave z(t) = z(1—t), t € [0,1]}- 


Let 
u(z) = ne) for all ze K. 


Per <2(5) = lel 


It is well known that z € C[0, 1] n C?(0, 1) is a positive solution of the BVP (1) if and only 
if z € C[0, 1] is a positive solution of the equation 


ae 
Ste 


Then 


1 
a= f G(t, s) f(s, z(s))ds 


Define operator A: K — K by 


Az(t) = f G(t, s) f(s, z(s))ds 


Obviously, Az(t) > 0 for all z € K, and it is easy to see (Az)'(t) > 0, for t € (0, $], (Az)’(t) < 0, 
for t € (4,1), and Az(t) = Az(1—t) for 0 < t < 1. Consequently Az € K, that is A: K — K. 
By Arzela-Ascoli theorem, we can prove A: K — K is completely continuous, see [3]. 

From (H,) and 3) in (H3), for any z € K,, we know that 


Azil < fa G(u(s), s)g(s)h(z(s))ds 


< i Gluls),s)a(s)ds-r[ f "Gluls),s)g(s)as] =r 


Hence A(K,) C Ky. 

Choose z(t) = 2m, 0 < t < 1, then z(t) € K(u,m,2m), and u(z) = u(2m) > m. Thus 
{z € K(u,m,2m) | u(z) > a} Æ ¢ On the other hand, for z € K(u,m,2m), we know that 
u(z) = z(ł) > m. Som < 2(s) < 2m, ł < s < 3. Thus for any z € K(u,m,2m), from 2) in 
(H3), we get 


u(Az) = ; min, A2{t) = mi af G(t, s) f(s, z(s))ds 


3 
elz i] 


3 


I c(}, s)f f(s, z(s))ds > n f G(j.8)ds =m. 


IV 
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Then condition (i) of Lemma 2.1 hold. 


Next, condition (ii) of Lemma 2.1 follows immediately from (Hi) and 1) in (H3). For any 
z € Ka, we have 


|| Azll 


A 


< max. f G(t, s)g(s)h(z(s))ds 


te[0,1] 


zj Glo), sa(syas-af f “G(uls),s)a(s)as] = 4 


A 


Hence A: Ka — Ka. 
Finally, we prove u(Az) > m for z € K(u,m,r) and ||Az|| > 4m. 
In fact, from 2) in (H3), for z € K(u, m,r) and ||Az|| > 4m, we know that 


1 1/1 t G(4,s) „p1 
ul Az) Az(3) = f G(5,8)f(s,2(s))ds ani feces ol g:8) 6, 28))e8 
GG,0 ft /1 1 1 1 
> min —P— = = -Azļ(-) == ; 
> in, S42 [ofh 2) st stnae= Lae(8) = ilast >m 
Therefore, the condition (iii) of Lemma 2.1 hold. 
By Lemma 2.1, we conclude that A has triple symmetric fix points. Consequently, the BVP 
(1) has triple symmetric solutions 21, z2, z3 satisfy ||z:|| < d, m < u(z2) and ||z3|| > d for 
u(z3) < m. 
Remark 1 The results of Theorem 3.1 is new. Theorem 3.1 also holds when nonlinearity 
f(t, z(t)) is nonsingular at t = 0 and t = 1. 
Theorem 3.2 Let f(t, z(t)) = g(t)h(z(t)) and the following conditions hold: 


(Hi) h€C([0,+00), [0, +00)), g € C((0, 1), [0, +00)); 


(Hf) 0< f G(u(s), s)g(s)ds < +00, D g(s)ds > 0; 


4 


(H$) there exist 0 < d < m < § such that 


1 -1 
Kz<d; 
1) A(z) < a| max Í G(t, s)g(s)ds | ,for0<z2<d; 


4 —1 
2) h(z)> m| I a(},s)o(s)as] , for m < z < 2m; 
a i n 
3) h(z)< r| max f G(t, s)g(s)ds | ,for0<z<7r; 
tE[0,1] Jo 


then the boundary value problem (1) has triple symmetric positive solutions 21, 22, 23 satisfy 
\|z1|| <d, m < u(ze), and ||z3|| > d for u(zs) < m, where 


u(z)= min z(t). 
(2) = nin, 20) 


Proof The proof is similar to Theorem 3.1, we omit it here. 
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NO. 4 
Corollary 3.1 Suppose that (H!) and (H2) hold, and 3) in (H3) is replaced by the 


following condition 
lim <Í | max x f ae, s)g( (s)ds| 


Then the boundary value problem (1) has triple er positive solutions 


4 Examples 
Example 4.1 The following boundary value problem 
t e [0, 1], 
(2) 


z" + toy = =0, 
2(0) = 2(1) = 2'(0) = 


has triple symmetric positive solutions, where 


42, 0<z<2 
h(z) = 
78, z>2 
Proof Let 
(t) = -t 
WY) 0) 


Obviously g(t) is singular at t = 0 and t = 1. A(z) is continuous on [0, +00). So condition (H4) 


3 


holds. 
Since 
1 1 
i G(u(s), s)g(s)ds = z0 —In2) < +00, f g(s)ds < +00, 
a 
then (H4) holds. 
1) in (H4) follows immediately from 
G(t, ds ) G Pee 
( ma max f c s)g(s) s) -({ (u(s), s)g(s)ds ) = hn? 
32 


e ae 
-(f 50 -8) a(1 — 8) s) = m3 05 


(f G(j.9)a(s)as) 


we may take d = }, then 
1 2 1 
h(z) = 42? < 4d? = = < ———__~ <z<d=- 
(z) z A R for 0<z<d T 
2) in (H3) is immediate, since we may take m = 2, then 
"i 3 
h(z) = q = 4) = 109 > 2 x = 2<2<4. 
a In3 — 3 
3) in (H3) is immediate since we may take r = 100 > 2m = 4, then 
763 2 
-zy < 100 x Toma’ 0<z<d=100. 
In2 


A(z) < h(2) = 


max 
z€(0,100] 
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Thus, from Theorem 3.2, we know that the BVP (2) has triple symmetric positive solution 
21, 22, 23 satisfy ||z1|| < i, 2 < u(z2), and ||z3|| > + for u(z3) < 2. 
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